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A B S T R A C T   

A localized magnetic field is a vector field that alters in space because of magnetic materials or 
electric currents. Some examples of localized magnetic fields are indoor localization, magnetic 
anomaly detection, magnetoencephalography, and quantum physics. Magnetic fields can be used 
to estimate the orientation and position of a device inside a building by measuring the changes in 
the magnetic field caused by ferromagnetic substances. On the other hand, a Tri-hybrid nanofluid 
can transfer heat better than a normal hybrid nanofluid by mixing three different nanoparticles 
with synergistic effects. It can have more varied physical and thermal properties by choosing 
different combinations of nanoparticles. That’s why it has more possible uses in various fields 
such as solar thermal, biomedical, and industrial processes. Therefore, the goal of this research is 
to explore the complex dynamics of the localized magnetized force that affects the rotation of 
nanostructures and the vortex formation in the tri-hybrid nanofluid flow regime using the single- 
phase model, while the governing partial differential equations are discretized numerically. With 
the help of our self-developed computer codes in MATLAB language, we intend to understand the 
way these parameters affect the flow and thermal properties of the nanofluids. Additionally, the 
current work provides a novel analysis that makes it possible to investigate the flow lines and 
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isotherms associated with the magnetic strips inside a flow field. It is discovered that the spinning 
of tri-hybrid nano-particles, which creates the intricate structure of vortices inside the flow 
regime, results from the magnetized field. Further, the investigations reveal that both the local 
skin friction (CfRe) and the Nusselt number (Nu) increased by up to 46% and 99% when the 
magnetic field is strengthened. Finally, adding more nanosized particles in the flow field result in 
increased both Nu and CfRe, but differently for different nanoparticles. Silver (Ag) had the highest 
increase in both Nu (55%) and CfRe (110%), showing strong thermal-fluid coupling. Alumina 
Al2O3 and Titanium Dioxide (TiO2) had lower increases in both Nu (33% and 25%) and CfRe 
(13% and 9%), showing weaker coupling in the flow regime.   

1. Introduction 

Vortices are fascinating for every scientist (as they appear) when studying any flow problem because they help to understand how 
fluids mix and transport mass. The study of vortex generation in lid-driven cavities by localized magnetic is important for learning the 
fluid dynamics of biological fluids under strong magnetic fields and its medical uses, such as separating cells, targeting drugs, and 
tracing magnets [1]. It is also important for finding out the effects of fluid flow at small scales, which can matter for liquid crystals, 
lubricants, and MEMS devices [2]. Moreover, it can reveal the shape and stability of corner vortices in cavity flow, which is a useful 
problem for testing numerical methods and exploring basic features of incompressible flows in limited volumes [3]. 

The demand for cooling for industrial systems has led to the development of alternative heat transfer fluids besides traditional ones. 
Recently, nanofluids have been studied in this context [4–7]. Nanofluids are alternative fluids made by adding nanoparticles smaller 
than 100 nm to a base fluid, first discovered by Choi in 1995 [8]. Nanofluids have higher thermal conductivity and stability than the 
base fluid, and lower specific heat, which makes them better heat transfer fluids. Nanofluids have been used in many areas such as heat 
exchangers, solar collectors, industrial systems, and nuclear systems because of their superior heat transfer performance. Kumar et al. 
[9] studied how heat and fluid flow in a wavy channel with changing amplitude at the entrance for steady two-dimensional nanofluid 
flow. They used the finite element method to solve the equations for laminar Cu-water nanofluid flow. They changed the dimensionless 
length of the varying amplitude section (EL), nanoparticle volume fraction (Φ), and Reynolds number (Re). The wavy channel has a 
higher heat transfer rate than a plane channel after a critical Re (Recrit) that depends on EL; the heat transfer rate drops with EL. The 
heat transfer rate rises with phi for all EL. The performance factor (PF) shows the combined effects of the higher heat transfer and 
pressure drop in the wavy channel versus the plane channel. Dey et al. [10] examined the heat and fluid flow in wavy channels of 
raccoon and serpentine shapes for a laminar viscoplastic fluid. They changed the power-law index (n), Bingham number (Bn), Reynolds 
number (Re), wave number, and amplitude in realistic ranges and found that the recirculatory zone shrinks with the Bingham number 
and vanishes at a higher Bingham number. The yielded-unyielded region depends on the shape and Bn range. The wavy channel is 
better only at a lower Bingham number below a critical limit while the performance factor depends on the rheology and geometry. 
Mehta & Pati [11] explored the heat, fluid, and entropy flow in an asymmetric wavy channel for MHD nanofluid flow. They used the 
Galerkin finite element method to solve the equations with the boundary conditions. They changed Hartmann number (Ha), Reynolds 
number (Re), and nano-particle volume fraction (φ). The recirculation zones and vortices in the wavy passages depend on the magnetic 
field. The heat transfer rate rises with Ha for all φ at low and high Reynolds numbers, more for low Reynolds numbers and nanofluids 
than base fluid, but not at mid-Re. The PFmagnetic drops with Ha at different rates with Reynolds number. The nano-particle increases 
entropy at a low Reynolds number but decreases it at a high Reynolds number. 

Trihybrid nanofluids are a special kind of nanofluids that have three different kinds of nanoparticles mixed in a base fluid. The 
nanoparticles can be made of metals, metal oxides, or carbon-based materials. These nanofluids can have better thermal and physical 
properties than ordinary nanofluids. Trihybrid nanofluids have many possible uses in different fields, such as heat transfer, energy 
storage systems, electronic cooling, and biomedical engineering. Researchers are exploring the behavior and potential applications of 
nanofluids. They want to improve their performance and find new ways to use them in various domains. Jayakumar et al. [12] studied 
the thermal dissipation efficacy of bracket housing using aqueous solutions and different nanofluids. They found that Ga-In-Sn 
nanofluids outperformed alternative nanofluids and water in improving heat transfer efficiency, reducing operational temperature, 
and showcasing their potential for enhancing electric vehicles. Biswas et al. [13] showed the effect of partial magnetic fields on the 
heat transfer of hybrid nanofluid flow in a slanted wavy porous enclosure. The bottom is partially heated, the wavy sides are cooled, 
and the sidewalls have a partial magnetic field normal to them. They solved the equations with complex wavy walls, local thermal 
gradient, porous substance, partial magnetic fields, and hybrid nanofluid by the finite volume approach with a FORTRAN code. They 
tested the partial magnetic field for active magnetic widths (Wb), different active heating lengths (Lh), and positions, cavity inclination 
(γ), magnetic strength (Ha), Darcy number (Da), Darcy-Rayleigh number (Ram), and hybrid nanoparticles concentration (ζ) with no 
and whole-domain magnetic field. They found that the wavy walls increase the heat transfer by ~22.16% than a plain wall, but 
decrease the circulation. A partial magnetic field can control the field variables with less heat transfer reduction (~13.97%) than the 
whole domain magnetic field. The middle-centered partial magnetic field affects the thermal behavior depending on the intensity, 
magnetic width, heating length, and other parameters. Mehta & Pati [14] studied the heat and fluid flow in a channel with a wavy top 
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wall and a flat bottom wall with metal porous blocks. They used COMSOL Multiphysics® and a finite element method to solve the 
equations. The porous blocks affect the heat transfer rate, and the local Nusselt number rises with the Darcy number. The average 
Nusselt number drops with Darcy’s number for the top wall and increases for the bottom wall. The average Nusselt number for wavy 
channels with porous blocks (WCPB) is much higher than for wavy channels without porous blocks (WCWPB). The effects of localized 
magnetic forces on a tri-hybrid nanofluid flow regime were investigated by Ahmad et al. [15]. When tri-hybrid nanoparticles were 
subjected to a magnetic field, their rotational mobility was drastically altered. Rajesh et al. [16] studied natural convection in an 
enclosure using ternary hybrid nanofluids. The study examined how nanomaterial composition and non-uniform heating affect the 
energy transfer in the enclosure, where a nanomaterial enhances energy transfer and heat conduction decreases due to the lower 
thermal energy of the heated wall. 

Al2O3–TiO2-based dielectric ceramics [17], Al2O3/TiO2/TiN nanotubes [18], and Ag-TiO2/γ-Al2O3/Chitosan nano compound 
photocatalyst [19] are some examples of nanomaterials that can exhibit novel features for various applications. Dielectric ceramics can 
offer high thermal conductivity and temperature stability, which are essential for low-temperature co-fired ceramics (LTCC) appli
cations that require high performance and reliability. The nanotubes can convert light energy into heat energy with high efficiency, 
which makes them suitable for photodetector applications that need a fast and sensitive response. The nano-composite photocatalyst 
can improve the nitrate reduction by photocatalysis in water by combining the benefits of coupling and Ag-doping with γ-Al2O3 
nanoparticles, which enhances the light absorption and charge separation of the catalyst. Ag can be used as a sintering additive for 
Al2O3–TiO2-based dielectric ceramics to achieve low-temperature co-firing and strong thermal conductivity [20]. It can be employed 
as a plasmonic material for enhancing the surface-enhanced Raman scattering (SERS) signals of nanostructures and also serve as a 
substrate for Au deposition involving simultaneous reduction reactions and galvanic replacement [21]. Khan et al. discussed three 
different topics of nanomaterials. First, it examines the synthesis and characteristics of graphene-based metal and metal oxide 
nanocomposites, which have a wide range of applications. Second, it describes the environmentally friendly and cost-effective green 
synthesis of silver nanoparticles utilizing Pulicaria glutinosa extract. Third, it describes the biogenic synthesis of palladium nano
particles using the same extract, as well as their catalytic activity for the Suzuki coupling reaction, which is a common organic syn
thesis method [22–24]. 

Its importance is evident in many systems that rely on improved thermal performance, as it helps them achieve lower costs, higher 
efficiency, and better environmental outcomes. These flows are also eminent in heating and cooling energy systems. Examples of cavity 
flows incorporate solar collectors, boilers, underground water flow, nuclear reactors, and so on. Natural convection flow problems are 
mainly concerned with a heat transfer performance of a working fluid. At the beginning of the 21st century, scientists started working 
on the improvement of fluid’s thermal conductivities by the accumulation of tiny-sized nanocrystalline particles in carrier fluids [8,25, 
26]. Mandal et al. [27] investigated the heat and fluid flow in a partially driven cavity (PDC) with Cu-water nano liquid, and porous 
substance under a magnetic field. The upper half of the vertical walls are cooled and slid, and the bottom wall is heated. They explored 
MHD convection in a nano-liquid porous system. The parameters involved are thermal buoyancy, cavity orientation, magnetic in
tensity, porous permeability, and nanoparticle suspension. They used a finite volume-based code to solve the equations. They used 
staggered nonuniform grids and the SIMPLE algorithm technique with a convergence check. The study showed that the heat transfer 
increases with Richardson (Ri) and Reynolds numbers (Re), regardless of the porous substance, magnetic field, or nanofluid con
centration. The wall motions affect the flow vortices and heat transfer while the cavity orientation changes with the transport process. 
The upward wall velocity for both sidewalls enhances the heat transfer (about 88.39% at Ri = 0.1 and Re = 200). Several practical 
applications related to microelectronics, cooling and heating systems of buildings, and insulations have been projected in the in
vestigations of Heindel et al. [28–31], Sankar et al. [32], Muftuoglu and Bilgen [33], Nardini and Paroncini [34], and Saglam et al. 
[35]. In these investigations, it is observed that the dimension and location of the heat sources in the enclosures are of substantial 
importance. Again, Mandal et al. [36] considered MHD mixed bioconvection with oxytactic microorganisms in copper-water nano
fluid. The flow goes through porous media in a moving enclosure with a wavy heated sidewall. The right wall is cooled, other walls are 
adiabatic. A horizontal magnetic field is applied. They modeled this problem with an undulating heated wall and many coupled 
equations (due to the bacteria) and solved them with a finite volume-based code. They analyzed the thermo-fluid behaviors to explore 
the effects of different parameters that could help the system. The parameters are the undulations (n), Darcy number (Da), bio
convection Rayleigh number (Rb), Hartmann number (Ha), Lewis number (Le), Peclet number (Pe), Grashof number (Gr), oxygen 
diffusion ratio (χ). The study revealed that the curved surface increases the heat transfer until some optimal undulations at different 
conditions. The mass transfer rate rises with all undulations and bioconvection. Bioconvection helps heat transfer. They found that by 
changing the parameters and undulations, local and global transport can be controlled well. 

There is a lack of studies on the vortex generation of tri-hybrid nanofluids in lid-driven cavities under the influence of localized 
magnetic fields. This is the research gap that motivates the present study. The objectives of this study are:  

• To investigate the effects of localized magnetic fields on the fluid flow and heat transfer characteristics of tri-hybrid nanofluids in 
lid-driven cavities.  

• To analyze the effects of various parameters, such as Reynolds number, Nusselt number, etc., on the vortex generation and heat 
transfer enhancement of tri-hybrid nanofluids in a lid-driven cavity under localized magnetic fields. 
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In this paper, we investigate the vortex generation and heat transfer enhancement of Ag-Al2O3-TiO2-water based tri-hybrid 
nanofluids in a lid-driven cavity under localized magnetic fields. This is a novel and important research topic that has not been 
addressed adequately in the literature. The main contributions and novelties of this paper are:  

• We developed a numerical method based on the 4. Alternating Direction Implicit (ADI) technique to solve the governing equations 
of tri-hybrid nanofluids flow and heat transfer under localized magnetic fields. This method is efficient, accurate, and stable for 
solving complex problems involving multiple nanoparticles and magnetic field localization. We analyzed and discussed the effects 
of various parameters, such as Reynolds number, volume fraction, and magnetic field intensity.  

• We provided physical insights and explanations for the observed phenomena, such as the spinning of nanoparticles, the formation 
and removal of vortices, the enhancement of local skin friction and Nusselt number, and the thermal-fluid coupling in the flow. 

2. Problem description 

As shown in Fig. 1, this study takes into account a schematic illustration of a 2-dimensional lid-driven cavity with a side length of L. 
A confined magnetic field has been incorporated constantly in the bottom wall of the enclosure. In order to describe the fluid flow and 
heat transfer developments inside the cavity, a single-phase model (SPM) is implemented to formulate the fundamental equations of 
mass, momentum, and energy conservation in a two-dimensional Cartesian coordinate system. 

2.1. Basic assumptions 

The study is conducted under the following fundamental assumptions. 
A magnetic source produces a magnetic field with intensity H, as determined by the equation: 
H̃1(x,y) = H0{tanh A′

1(x − x1) − tanh A′

2(x − x2)}, H̃2(x,y) = H0{tanh A′

1(x − x3) − tanh A′

2(x − x4)}, H̃3(x,y) = H0{tanh A′

1(y −

y1) − tanh A′

2(y − y2)}, H̃4(x,y) = H0{tanh A′

1(y − y3) − tanh A′

2(y − y4)}, in the strips mentioned by x1 ≤ x ≤ x2,x3 ≤ x ≤ x4; 0 ≤ y ≤

L and y1 ≤ y ≤ y2, y3 ≤ y ≤ y4; 0 ≤ x ≤ L respectively. A square cavity consists of vertical walls which are insulated and horizontal 
walls have a fixed temperature. Both upper and lower horizontal walls move from the -ve x-axis with the same velocity. The tri-hybrid 
nanofluids have Newtonian, incompressible, and laminar properties, and they are created through the interaction of solid nano
particles containing Ag, Al2O3, and TiO2 nanostructures and considering water as a base fluid that is in thermal equilibrium. The 
thermophysical properties of the nanofluid, such as density, thermal conductivity, viscosity, and specific heat, are constant. 

3. Mathematical formulation 

The basic laws, assumptions, and derivation of the Navier-Stokes Equations (NSE) are based on the following principles:  

➢ The fluid is a continuum, i.e., it may be handled more like a continuous material than a collection of distinct particles.  
➢ The fluid is incompressible, i.e. its density is constant and independent of pressure [37].  
➢ The fluid is Newtonian, i.e. its stress is proportional to its strain rate[37].  
➢ The fluid obeys the conservation of mass, i.e., the mass of a fluid element does not change as it moves.  
➢ The fluid obeys the conservation of momentum, i.e., the net force acting on a fluid is equal to its rate of change of momentum.  
➢ The fluid obeys the conservation of energy, i.e., the net work done on a fluid element is equal to its rate of change of energy 

These equations have the following dimensional form [38]: 
Continuity equation: 

Fig. 1. Physical diagram of the problem with straight arrows indicating the region of localization of magnetic field.  
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∂Ũ
∂x

+
∂Ṽ
∂y

= 0, ((1) 

Momentum equation: 

∂Ũ
∂t′

+

(

Ṽ
∂Ũ
∂y

+ Ũ
∂Ũ
∂x

)

= −
1

ρ⌢ hnf

∂P
∂x
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(
∂2Ũ
∂y2 +

∂2Ũ
∂x2
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, ((2)  

∂Ṽ
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(

Ũ
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∂x

+ Ṽ
∂Ṽ
∂y
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= −
1

ρ⌢ hnf

∂P
∂y
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(
∂2Ṽ
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∂2Ṽ
∂y2

)

+
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ρ⌢ hnf

∂H̃
∂y

, ((3) 

Energy Equation: 
(

ρ⌢ cp
)

hnf

khnf

(

Ũ
∂T
∂x

+ Ṽ
∂T
∂y

)

+

(
μo

khnf

)

T
∂M̃
∂T

(

Ṽ
∂H̃
∂y

+ Ũ
∂H̃
∂x

)

= ∇2T +

(μ̃hnf

khnf

){

2
(

∂Ũ
∂x

)2

+

(
∂Ṽ
∂x

+
∂Ũ
∂y
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+ 2
(

∂Ṽ
∂y

)2
}

.

((4) 

Here: 

μ0M̃∂H̃
∂x the X-axis magnetic force components μ0M̃∂H̃

∂y the Y-axis magnetic force components 

μ0T ∂M̃
∂T

(
Ũ∂H̃

∂x +Ṽ∂H̃
∂y

)
magneto-caloric phenomenon γ magnetic field strength 

M̃ = KH̃(Tc − T). magnetization property Tc Curie temperature [39] 
∂Ũ
∂t′ +

(
Ṽ∂Ũ

∂y +Ũ∂Ũ
∂x

)
Convection terms 

(
∂2Ũ
∂y2 +

∂2Ũ
∂x2

)
Diffusion terms 

∂Ṽ
∂t′ +

(
Ũ∂Ṽ

∂x +Ṽ∂Ṽ
∂y

)
Convection terms 

(
∂2Ũ
∂y2 +

∂2Ũ
∂x2

)
Diffusion terms 

Eliminating the pressure term results in: 

∂
∂t′
(

∂Ũ
∂y

−
∂Ṽ
∂x

)

+V
⌢ ∂

∂y

(
∂Ũ
∂y

−
∂Ṽ
∂x

)

+ Ũ
∂
∂x

(
∂Ũ
∂y

−
∂Ṽ
∂x

)

= υ⌢ thnf

(
∂2

∂x2 +
∂2

∂y2

)(
∂Ũ
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−
∂Ṽ
∂x

)

+

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

∂
(

μ0M̃
ρ⌢ thnf

∂H̃
∂x

)

∂y
−

∂
(

μ0M̃
ρ⌢ thnf

∂H̃
∂y

)

∂x

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

(5)  

3.1. Boundary conditions 

The following are the dimensions boundary conditions for the current obstacle: 
Left and Right Vertical Walls (Adiabatic): The heat flux across these walls is zero, i.e., 

Ũ(0, y)= Ũ(L, y)= 0,
(

∂T
∂x

)

x=0
=

(
∂T
∂x

)

x=L
= 0, Ṽ(0, y)= Ṽ(L, y)= 0; 0 < y< L (6a) 

Upper Horizental Wall: 

Ũ(x, L)= − V0,T(x, L)=Tc, Ṽ(x, L)= 0 ; 0 < x< L (6b) 

Lower Horizental Wall: 

Ũ(x, 0)= − V0,T(x, 0)=Th, Ṽ(x, 0)= 0 ; 0 < x< L. (6c)  

3.2. The characteristics of tri hybrid nanofluids (Ag- Al2O3-TiO2) 

In this section, the thermo-physical features of the tri-hybrid nanofluids used in this analysis are presented. The thermo-physical 
characteristics of the tri-hybrid nanofluids are the backbone for the investigation of the heat transport problem. We consider a certain 
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combination of thermo-physical properties for the tri-hybrid nanofluids composed of Ag- Al2O3-TiO2 nanoparticles. These thermo- 
physical parameters include the density, specific heat, thermal conductivity, and viscosity of the tri-hybrid nanofluids, and they are 
obtained and confirmed from the existing literature [40–48]. Each symbol in Table 1 is explained in Table 1.   

For Tri-hybrid 
nanofluids 

For Hybrid 
nanofluids 

For 
nanofluids 

For base fluids 
(water) 

For solid 

Silver 
(s1) 

Aluminium 
oxide (s2) 

Titanium dioxide 
(s3) 

Thermal 
conductivity 

kthnf khnf knf kf ks1 ks2 ks3 

Density ρ⌢ thnf   ρ⌢ f ρ⌢ s1 ρ⌢ s2 ρ⌢ s3 

Electrical 
conductivity 

σthnf σhnf σnf σf σs1 σs2 σs3 

Viscosity μthnf μhnf μnf μf    

Nanoparticles volume 
fraction     

φ⌢ 1 φ⌢ 2 φ⌢ 3  

The thermophysical features of a tri-hybrid nanofluid could be evaluated by considering the models proposed in the literature. 
The following set of dimensionless variables should be used right now: 

ξ=
x

L
⌢ , y =

y

L
⌢ , u =

Ũ
V0
, v =

Ṽ
V0
, θ
⌢

=
T − Tc

ΔT
,H =

H̃
H0

, t =
V0

L
⌢ t′ (7) 

From equations (4) and (5), we can deduce that; 

∂J
∂t

+ u
∂J
∂ξ

+ v
∂J
∂η=

(
1 − φ⌢ 1

)
⎛

⎝1 − φ⌢ 2 +φ⌢ 3

⎛

⎝ρ⌢ s1

/

ρ⌢ f

⎞

⎠+φ⌢ 2

⎛

⎝ρ⌢ s2

/

ρ⌢ f

⎞

⎠

⎞

⎠
(

1 − φ⌢ 2

)2.5
(

1 − φ⌢ 3

)2.5 1
Re

∇2J

+
Mn

(
1 − φ⌢ 2

)(

1 − φ⌢ 1 + φ⌢ 2

(

ρ⌢ s1

/

ρ⌢ f

)

+ φ⌢ 3

(

ρ⌢ s2

/

ρ⌢ f

))H

(
∂H
∂η .

∂θ
⌢

∂ξ
−

∂H
∂ξ

.
∂θ
⌢

∂η

)

,

(8)  

Table 1 
Thermophysical attributes of tri-hybrid and conventional nanofluids.  

Properties Tri-hybrid nanofluid(thnf) 

Density ρ⌢ thnf = (1 − φ⌢ 3)[(1 − φ⌢ 1){(1 − φ⌢ 2)ρ⌢ f + φ⌢ 1 ρ⌢ s1} + φ⌢ 2 ρ⌢ s2] + φ⌢ 3 ρ⌢ s3 

Heat capacity (ρ⌢ cp)thnf = (1 − φ⌢ 3)[(1 − φ⌢ 2){(1 − φ⌢ 1)ρ⌢ f + φ⌢ 1 ρ⌢ s1} + φ⌢ 2 ρ⌢ s2 ] + φ⌢ 3 ρ⌢ s3 

viscosity μthnf =
μf

(1 − φ⌢ 1)
2.5

(1 − φ⌢ 2)
2.5

(1 − φ⌢ 3)
2.5 

Thermal conductivity kthnf

khnf
=

ks3 + (n − 1)(khnf − (n − 1)φ⌢ s3)(khnf − ks3)

ks3 + (n − 1)khnf + φ⌢ s3(khnf − ks3)

where 
khnf

knf
=

ks2 − (n − 1)φ⌢ 2(knf − ks3) + (n − 1)knf

ks2 + φ⌢ s2(knf − ks3) + (n − 1)knf 

and 
knf

kf
=

ks1 − (n − 1)φ⌢ 1(kf − ks1) + (n − 1)kf

ks1 + φ⌢ 1(kf − ks1) + (n − 1)kf 

Electric conductivity σthnf

σnf
=

σs3 − 2φ⌢ 3(σnf − σs3) + 2σnf

σs3 + φ⌢ 3(σnf − σs3) + 2σnf 

where 
σhnf

σnf
=

σs2 − 2φ⌢ 2(σnf − σs2) + 2σnf

σs2 + φ⌢ 2(σnf − σs2) + 2σnf 

and 
σnf

σf
=

σs1 − 2φ⌢ 1(σf − σs1) + 2σf

σs1 + φ⌢ 1(σf − σs1) + 2σf   
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∇2 θ
⌢

= Pr ∗

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

(
1 − φ⌢ 2

)(

1 − φ⌢ 1 + φ⌢ 2

⎛

⎝ρ⌢ s1

/

ρ⌢ f

⎞

⎠+ φ⌢ 3

⎛

⎝ρ⌢ s2

/

ρ⌢ f

⎞

⎠

⎞

⎠

(
1 − φ⌢ 1

)− 2.5(
1 − φ⌢ 2

)− 2.5

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

∗
(

1 − φ⌢ 2

)
⎛

⎝1 − φ⌢ 1 + φ⌢ 2

⎛

⎝ρ⌢ s1 ∗ cps1

/

ρ⌢ f ∗ cpf

⎞

⎠

+φ⌢ 3

⎛

⎝ρ⌢ s3 ∗ cps3

/

ρ⌢ f ∗ cpf

⎞

⎠

⎞

⎠

Re ∗

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

(
1 − φ⌢ 1

)− 2.5(
1 − φ⌢ 2

)− 2.5

(
1 − φ⌢ 2

)(

1 − φ⌢ 1 + φ⌢ 2

⎛

⎝ρ⌢ s1

/

ρ⌢ f

⎞

⎠+ φ⌢ 2

⎛

⎝ρ⌢ s3

/

ρ⌢ f

⎞

⎠

⎞

⎠

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

{
∂θ
⌢

∂ξ
∂ψ̃
∂η −

∂θ
⌢

∂η
∂ψ̃
∂ξ

}

+Pr ∗

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

(
1 − φ⌢ 2

)(

1 − φ⌢ 1 + φ⌢ 2

⎛

⎝ρ⌢ s1

/

ρ⌢ f

⎞

⎠+ φ⌢ 3

⎛

⎝ρ⌢ s2

/

ρ⌢ f

⎞

⎠

⎞

⎠

(
1 − φ⌢ 1

)− 2.5(
1 − φ⌢ 2

)− 2.5

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

∗
(

1 − φ⌢ 2

)
⎛

⎝1 − φ⌢ 1 + φ⌢ 1

⎛

⎝ρ⌢ s1 ∗ cps1

/

ρ⌢ f ∗ cpf

⎞

⎠+ φ⌢ 2

⎛

⎝ρ⌢ s2 ∗ cps2

/

ρ⌢ f ∗ cpf

⎞

⎠

⎞

⎠

∗
Mn

(
1 − φ⌢ 2

)(

1 − φ⌢ 1 + φ⌢ 1

⎛

⎝ρ⌢ s1

/

ρ⌢ f

⎞

⎠+ φ⌢ 2

⎛

⎝ρ⌢ s2

/

ρ⌢ f

⎞

⎠

⎞

⎠

Re ∗

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

(
1 − φ⌢ 1

)− 2.5
(

1 − φ⌢ 3

)− 2.5

(
1 − φ⌢ 2

)(

1 − φ⌢ 1 + φ⌢ 1

⎛

⎝ρ⌢ s1

/

ρ⌢ f

⎞

⎠+ φ⌢ 3

⎛

⎝ρ⌢ s3

/

ρ⌢ f

⎞

⎠

⎞

⎠

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

EcH(ε − ψ̃)
{

∂H
∂ξ

∂ψ̃
∂η −

∂H
∂η

∂ψ̃
∂ξ

}

+Pr ∗

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

(
1 − φ⌢ 2

)(

1 − φ⌢ 1 + φ⌢ 1

⎛

⎝ρ⌢ s1

/

ρ⌢ f

⎞

⎠+ φ⌢ 3

⎛

⎝ρ⌢ s2

/

ρ⌢ f

⎞

⎠

⎞

⎠

(
1 − φ⌢ 1

)− 2.5(
1 − φ⌢ 2

)− 2.5

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

∗
(

1 − φ⌢ 2

)
⎛

⎝1 − φ⌢ 1 + φ⌢ 1

⎛

⎝ρ⌢ s1 ∗ cps1

/

ρ⌢ f ∗ cpf

⎞

⎠+ φ⌢ 2

⎛

⎝ρ⌢ s2 ∗ cps2

/

ρ⌢ f ∗ cpf

⎞

⎠

⎞

⎠Ec

{(
∂2ψ̃
∂η2 −

∂2ψ̃
∂ξ2

)2

+ 4
(

∂2ψ̃
∂ξ∂η

)2}

,

(9a)  

Where, 

H1(ξ, η) = H0
{

tanh A′

1(ξ − ξ1) − tanh A′

2(ξ − ξ2)
}
,

H2(ξ, η) = H0{tanh A1(ξ − ξ3) − tanh A2(ξ − ξ4)},

H3(ξ, η) = H0
{

tanh A
′

1(η − η1) − tanh A
′

2(η − η2)
}
,

H4(ξ, η) = H0{tanh A1(η − η3) − tanh A2(η − η4)}

9(b) 

in the strips defined by ξ1 ≤ ξ ≤ ξ2, ξ3 ≤ ξ ≤ ξ4; 0 ≤ η ≤ 1 and η1 ≤ η ≤ η2,η3 ≤ η ≤ η4; 0 ≤ ξ ≤ 1, respectively. 

Finally,H(ξ, η)=H1(ξ, η)+H2(ξ, η)+H3(ξ, η) + H4(ξ, η) 9(c) 

The equations above represent the stream-vorticity formulation, which is a modified version of Equations (1)–(4) with 

u⌢ =
∂ψ̃
∂η , v⌢ =

∂ψ̃
∂ξ

and
(

∂u⌢

∂η −
∂v⌢

∂ξ

)

= − ω⌢ or
{(

∂2ψ̃
∂ξ2 +

∂2ψ̃
∂η2

)

= − ω⌢
}

. (10) 

Similarly, the boundary conditions in the dimensionless form are expressed as: 
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Left and Right Vertical Walls (Adiabatic): 

u⌢ (0, η)= u⌢ (1, η)= 0,
(

∂θ
∂ξ

)

ξ=0
= 0,

(
∂θ
∂ξ

)

ξ=1
= 0, v⌢ (0, η)= v⌢ (1, η)= 0, 0 < η< 1 (11a) 

Upper Horizental Wall: 

u⌢ (ξ, 1)= − 1, θ
⌢

(ξ, 1)= 0, v⌢ (ξ, 1)= 0; 0 < ξ< 1 (11b) 

Lower Horizental Wall: 

u⌢ (ξ, 0)= − 1, θ
⌢

(ξ, 0)= 1, v⌢ (ξ, 0)= 0; 0 < ξ< 1. (11c)  

3.3. Physical quantities of interest 

The primary quantities of interest in this study are the Nusselt number (Nu) and the skin friction(CfRe), which are defined by: 

Nu=
q⌢ L

khnf ΔT
and CfRe =

2τ
ρ⌢ hnf v0

2  

where, 

τ = μ̃hnf

(
∂U
⌢

∂η

)⃒
⃒
⃒
η=0,L 

shear stress q⌢ = − khnf
( ∂T

∂η
)⃒
⃒
η=0,L heat flux 

Using the dimensionless variables, we get: Using the dimensionless variables, we get: 

CfRe= 2

[(
1 − φ⌢ 1

)
(1 − φ⌢ 2)

(

1 − φ⌢ 3

)]2.5

[(

1 − φ⌢ 3

){(
1 − φ⌢ 2

)(

1 − φ⌢ 1 + φ⌢ 1
ρ⌢s1
ρ⌢f

)

+ φ⌢ 2
ρ⌢s2
ρ⌢f

}

+ φ⌢ 3
ρ⌢s3
ρ⌢f

]
∂u⌢

∂y
, and Nu =

kthnf

knf

∂θ
⌢

∂y
.

4. Alternating Direction Implicit (ADI) technique 

A numerical solution of the dimensionless NSE and energy equations (4)–(6) is obtained using an ADI method and central difference 
schemes for the derivatives. The ADI methodology employs a numerical scheme that alternates the direction of implicitness between 
the x-direction and the y-direction while holding the other direction explicitly. This enhances the computational efficiency and the 
stability of the solution. The central difference approximation utilizes the mean values at the adjacent points to estimate the gradient at 
a given point. This is an effective and precise way to discretize the differential equations on a structured grid. A structured grid is a grid 
that has a uniform pattern of points and can be readily indexed by row and column numbers. A finite difference method is a universal 
numerical technique that can be applied to solve differential equations by substituting them with algebraic equations on a grid. Finite 
differences can also be beneficial in other scenarios when we need to estimate derivatives from discrete data. One of the merits of the 
finite difference method is that it is straightforward to implement and achieve high-order approximations by using more points in the 
stencil; a collection of points that are used to calculate the finite difference approximation at a given point. 

The scheme for moving from time level n to time level (n+1) has the following details: 

w⌢ (n+1/2)
i,j − w⌢ (n)

i,j

δt /2
= Re ∗

⎛

⎜
⎜
⎜
⎜
⎝

(
1 − φ⌢ 1

)− 2.5(
1 − φ⌢ 2

)− 2.5
(

1 − φ⌢ 3

)− 2.5

((

1 − φ⌢ 3

)[(
1 − φ⌢ 1

){(
1 − φ⌢ 2

)
ρ⌢ f + φ⌢ 1 ρ⌢ s1

/

ρ⌢ f

⎫
⎬

⎭
+ φ⌢ 2 ρ⌢ s2

/

ρ⌢ f

⎤

⎦+ φ⌢ 3 ρ⌢ s3

/

ρ⌢ f

⎞

⎠

⎞

⎟
⎟
⎟
⎟
⎠

⎧
⎨

⎩

w⌢ (n+1/2)
i− 1,j − 2w⌢ (n+1/2)

i,j + w⌢ (n+1/2)
i+1,j

h2 +
w⌢ (n)

i,j− 1 − 2w⌢ (n)
i,j + w⌢ (n)

i,j+1

k2

⎫
⎬

⎭

+
Mn

((

1 − φ⌢ 3

)[(
1 − φ⌢ 1

){(
1 − φ⌢ 2

)
ρ⌢ f + φ⌢ 1 ρ⌢ s1

/

ρ⌢ f

⎫
⎬

⎭
+ φ⌢ 2 ρ⌢ s2

/

ρ⌢ f

⎤

⎦+ φ⌢ 3 ρ⌢ s3

/

ρ⌢ f

⎞

⎠

Hi,j

⎧
⎨

⎩

Hi,j+1 − Hi,j− 1

2k
θ
⌢ (n)

i+1,j − θ
⌢ (n)

i− 1,j

2h
−

Hi+1,j − Hi− 1,j

2h
θ
⌢ (n)

i,j+1 − θ
⌢ (n)

i,j− 1

2k

⎫
⎬

⎭

− u⌢ (n+1/2)
i,j

⎛

⎝
w⌢ (n+1)

i+1,j − w⌢ (n+1)
i− 1,j

2h

⎞

⎠ − v⌢ (n+1/2)
i,j

⎛

⎝
w⌢ (n)

i,j+1 − w⌢ (n)
i,j− 1

2k

⎞

⎠

, (12)  
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θ
⌢ (n+1/2)

i,j − θ
⌢ (n)

i,j

δt /2
=

⎧
⎨

⎩

θ
⌢ (n+1/2)

i− 1,j − 2θ
⌢ (n+1/2)

i,j + θ
⌢ (n+1/2)

i+1,j

h2 +
θ
⌢ (n)

i,j− 1 + θ
⌢ (n)

i,j+1 − 2θ
⌢ (n)

i,j

k2

⎫
⎬

⎭

+Pr ∗

⎛

⎜
⎜
⎜
⎜
⎝

((

1 − φ⌢ 3

)[(
1 − φ⌢ 1

){(
1 − φ⌢ 2

)
ρ⌢ f + φ⌢ 1 ρ⌢ s1

/

ρ⌢ f

⎫
⎬

⎭
+ φ⌢ 2 ρ⌢ s2

/

ρ⌢ f

⎤

⎦+ φ⌢ 3 ρ⌢ s3

/

ρ⌢ f

⎞

⎠

(
1 − φ⌢ 1

)− 2.5(
1 − φ⌢ 2

)− 2.5
(

1 − φ⌢ 3

)− 2.5

⎞

⎟
⎟
⎟
⎟
⎠

∗

⎛

⎝

(

1 − φ⌢ 3

)
⎡

⎣
(

1 − φ⌢ 1

)
⎧
⎨

⎩

(
1 − φ⌢ 2

)
ρ⌢ f + φ⌢ 1cpS1 ρ⌢ s1

/

ρ⌢ f

⎫
⎬

⎭
+ φ⌢ 2cpS2 ρ⌢ s2

/

ρ⌢ f

⎤

⎦+ φ⌢ 3cpS3 ρ⌢ s3

/

ρ⌢ f

⎞

⎠

∗
Mn

((

1 − φ⌢ 3

)[(
1 − φ⌢ 1

){(
1 − φ⌢ 2

)
ρ⌢ f + φ⌢ 1 ρ⌢ s1

/

ρ⌢ f

⎫
⎬

⎭
+ φ⌢ 2 ρ⌢ s2

/

ρ⌢ f

⎤

⎦+ φ⌢ 3 ρ⌢ s3

/

ρ⌢ f

⎞

⎠

Re ∗

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

(
1 − φ⌢ 1

)− 2.5(
1 − φ⌢ 2

)− 2.5
(

1 − φ⌢ 3

)− 2.5

(
1 − φ⌢ 2

)(

1 − φ⌢ 1 + φ⌢ 1

⎛

⎝ρ⌢ s1

/

ρ⌢ f

⎞

⎠+ φ⌢ 2

⎛

⎝ρ⌢ s2

/

ρ⌢ f

⎞

⎠

⎞

⎠

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

Hi,j
(
ψ̃ i,j − ε

)
{

u⌢ (n+1/2)
i,j

Hi,j+1 − Hi,j− 1

2k
+ v⌢ (n+1/2)

i,j
Hi+1,j − Hi− 1,j

2h

}

− u⌢ (n+1/2)
i,j

⎛

⎝
θ
⌢ (n+1/2)

i+1,j − θ
⌢ (n+1/2)

i− 1,j

2h

⎞

⎠ − v⌢ (n+1/2)
i,j

⎛

⎝
θ
⌢ (n)

i,j+1 − θ
⌢ (n)

i,j− 1

2k

⎞

⎠−

Pr ∗

⎛

⎜
⎜
⎜
⎜
⎝

((

1 − φ⌢ 3

)[(
1 − φ⌢ 1

){(
1 − φ⌢ 2

)
ρ⌢ f + φ⌢ 1 ρ⌢ s1

/

ρ⌢ f

⎫
⎬

⎭
+ φ⌢ 2 ρ⌢ s2

/

ρ⌢ f

⎤

⎦+ φ⌢ 3 ρ⌢ s3

/

ρ⌢ f

⎞

⎠

(
1 − φ⌢ 1

)− 2.5(
1 − φ⌢ 2

)− 2.5

⎞

⎟
⎟
⎟
⎟
⎠

∗

⎛

⎝

(

1 − φ⌢ 3

)
⎡

⎣
(

1 − φ⌢ 1

)
⎧
⎨

⎩

(
1 − φ⌢ 2

)
ρ⌢ f + φ⌢ 1cpS1 ρ⌢ s1

/

ρ⌢ f

⎫
⎬

⎭
+ φ⌢ 2cpS2 ρ⌢ s2

/

ρ⌢ f

⎤

⎦+ φ⌢ 3cpS3 ρ⌢ s3

/

ρ⌢ f

⎞

⎠

Ec

⎧
⎨

⎩

⎛

⎝
u⌢ (n+1/2)

i,j+1 − u⌢ (n+1/2)
i,j− 1

2k
+

v⌢ (n+1/2)
i+1,j − v⌢ (n+1/2)

i− 1,j

2h

⎞

⎠

2

+ 4

⎛

⎝
u⌢ (n+1/2)

i+1,j − u⌢ (n+1/2)
i− 1,j

2h

⎞

⎠

2⎫
⎬

⎭

(13)  

ψ̃ (n+1)
i− 1,j + ψ̃ (n+1)

i+1,j − 2ψ̃ (n+1)
i,j

h2 +
ψ̃ (n+1)

i,j− 1 + ψ̃ (n+1)
i,j+1 − 2ψ̃ (n+1)

i,j

k2 = − w⌢ (n+1/2)
i,j , (14)  

u⌢ (n+1)
i,j =

− ψ̃ (n+1)
i,j− 1 + ψ̃ (n+1)

i,j+1

2k
, (15)  

v⌢ (n+1)
i,j = −

ψ̃ (n+1)
i+1,j − ψ̃ (n+1)

i− 1,j

2h
, (16)  
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w⌢ (n+1)
i,j − w⌢ (n+1/2)

i,j

δt /2
= Re ∗

⎛

⎜
⎜
⎜
⎜
⎝

(
1 − φ⌢ 1

)− 2.5(
1 − φ⌢ 2

)− 2.5
(

1 − φ⌢ 3

)− 2.5

((

1 − φ⌢ 3

)[(
1 − φ⌢ 1

){(
1 − φ⌢ 2

)
ρ⌢ f + φ⌢ 1 ρ⌢ s1

/

ρ⌢ f

⎫
⎬

⎭
+ φ⌢ 2 ρ⌢ s2

/

ρ⌢ f

⎤

⎦+ φ⌢ 3 ρ⌢ s3

/

ρ⌢ f

⎞

⎠

⎞

⎟
⎟
⎟
⎟
⎠

⎧
⎨

⎩

w⌢ (n+1/2)
i− 1,j − 2w⌢ (n+1/2)

i,j + w⌢ (n+1/2)
i+1,j

h2 +
w⌢ (n+1)

i,j− 1 − 2w⌢ (n+1)
i,j + w⌢ (n+1)

i,j+1

k2

⎫
⎬

⎭

+
Mn

((

1 − φ⌢ 3

)[(
1 − φ⌢ 1

){(
1 − φ⌢ 2

)
ρ⌢ f + φ⌢ 1 ρ⌢ s1

/

ρ⌢ f

⎫
⎬

⎭
+ φ⌢ 2 ρ⌢ s2

/

ρ⌢ f

⎤

⎦+ φ⌢ 3 ρ⌢ s3

/

ρ⌢ f

⎞

⎠

Hi,j

⎧
⎨

⎩

Hi,j+1 − Hi,j− 1

2k
θ
⌢ (n+1)

i+1,j − θ
⌢ (n+1)

i− 1,j

2h
−

Hi+1,j − Hi− 1,j

2h
θ
⌢ (n+1)

i,j+1 − θ
⌢ (n+1)

i,j− 1

2k

⎫
⎬

⎭

− u⌢ (n+1/2)
i,j

⎛

⎝
w⌢ (n+1)

i+1,j − w⌢ (n+1)
i− 1,j

2h

⎞

⎠ − v⌢ (n+1/2)
i,j

⎛

⎝
w⌢ (n+1)

i,j+1 − w⌢ (n+1)
i,j− 1

2k

⎞

⎠

(17)  

θ
⌢ (n+1)

i,j − θ
⌢ ((n+1/2))

i,j

δt /2
=

⎧
⎨

⎩

θ
⌢ (n+1/2)

i− 1,j − 2θ
⌢ (n+1/2)

i,j + θ
⌢ (n+1/2)

i+1,j

h2 +
θ
⌢ (n+1)

i,j− 1 + θ
⌢ (n+1)

i,j+1 − 2θ
⌢ (n+1)

i,j

k2

⎫
⎬

⎭

+Pr∗

⎛

⎜
⎜
⎜
⎜
⎝

((

1 − φ⌢ 3

)[(
1 − φ⌢ 1

){(
1 − φ⌢ 2

)
ρ⌢ f +φ⌢ 1 ρ⌢ s1

/

ρ⌢ f

⎫
⎬

⎭
+φ⌢ 2 ρ⌢ s2
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(18) 

The iteration scheme is terminated when the criterion: 
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max
{

abs
(

ψ̃ (n+1)
i,j − ψ̃ (n)

i,j

)
, abs

(
w(n+1)

i,j − w(n)
i,j

)
, abs

(
θ(n+1)

i,j − θ(n)
i,j

)}
< TOL 

is reached, indicating that a steady-state solution has been achieved. For the purpose of this study, the present problem assumes 
TOL < 10− 6. 

4.1. Flow chart of our numerical approach 

The computational model for the concerned technique is represented in Fig. 2. 

4.2. Testing the effectiveness of the numerical scheme 

To ensure that our numerical technique is trustworthy and accurate, we compare our numerical results for horizontal velocity 
profiles to those obtained by Asia et al. [49]. The horizontal velocity profiles are the fluctuations of the horizontal component of the 
fluid velocity on a vertical axis. We examine the limiting case when φ⌢ 1 = φ⌢ 2 = 0, Mn = 0, indicating that there is no heat generation, 
no magnetic field, and no buoyancy force. In this case, the fluid flow is driven solely by the movement of one of the lids of the cavity. 
We analyze the horizontal velocity profiles along three distinct horizontal lines which are located at y = 0.25, 0.50, and 0.75, whereas 

Fig. 2. A flow Chart of the Pseudo-Transient Approach.  
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y is the vertical coordinates normalized by the height of the lid-driven cavity (see Fig. 3). 
To validate our code further, we implement it to the renowned problem of natural convection inside a cavity, which was explored 

by Chen et al. [51] and D. Davis [52] using the Lattice Boltzmann method and the finite difference method respectively. Table 2 
indicates that the values of the Nusselt number that we find through our numerical investigation correspond to those derived from 
earlier studies extremely well. 

The base fluid in this work is water, and the nanostructures are a mixture of Ag, Al2O3, and TiO2. The nanoparticles are incor
porated into the base fluid to improve thermal conductivity and heat transfer. In our simulations, we take ε = 0.02 to symbolize the 
thermophysical characteristics of the nanofluid. The water attributes used throughout our simulations are based on Pr = 6.2. The 
Reynolds number is a dimensionless parameter that quantifies the ratio of inertial to viscous forces in a fluid flow. The Eckert number is 
another dimensionless quantity that reflects the ratio of kinetic energy to enthalpy change in a fluid flow. A very small Reynolds 
number results in an exceptionally low Eckert number (e.g., 10− 5), indicating that viscous forces dominate and kinetic energy is 
negligible. Table 3 depicts the fundamental properties of the nanomaterials and base fluid utilized in this work, such as density, 
particle size, specific heat, thermal conductivity, and viscosity. 

On the other hand, Fig. 4 demonstrates, how our numerical results converge with regard to the step size, which is the distance 
between two consecutive grid points. The numerical findings converge when the step size is decreased. This shows that our numerical 
technique is stable and does not generate spurious oscillations or divergences. Furthermore, it also indicates that the numerical 
findings are not affected by the grid size, which is the total number of grid points utilized to discretize the domain. This means that 
when the grid size is extended beyond a certain point, the numerical results do not change significantly. 

Table 2 
Our results versus literature: A quality analysis.  

Re Average Nu for the Hot Wall 

Lattice Boltzmann’s approach [51] Finite Difference approach (D. Davis [52]) Our Approach 

103 1.1192 1.1181 1.1182 
104 2.2531 2.2432 2.2481  

Table 3 
Thermal and physical features of water and nanomaterials (Ag-Al2O3-TiO2).   

Cp(Jkg− 1K− 1) σ(S × m− 1) ρ⌢ (kgm− 3) β(K− 1) k(Wm− 1K− 1)

Water 4179 0.05 997.1 21× 10− 5 0.613 
Silver(Ag) 235 3.6× 107 8933 1.89× 10− 5 429 
Aluminum Oxide (Al2O3) 765 1× 10− 1 3970 0.85× 10− 5 40 
Titanium Dioxide (TiO2) 686 1× 10− 12 5200 0.90× 10− 5 8.95  

Fig. 3. Comparison of numerical results with Shih and Tan [50] for the fixed Re = 10,Mn = 0, Pr = 6.2, Ec = 0, φ⌢ 1 = 0.0, φ⌢ 2 = 0.02, φ⌢ 2 = 0.02.  
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5. Results and discussion 

The results displayed in the various figures and tables are presented and discussed in the next section. The figures exhibit streamlines 
and isotherms, which are visual depictions of the fluid flow and temperature distribution in the lid-driven cavity. The tables display the 
Nu and CfRe values along the upper and bottom horizontal walls. The CfRe measures the shear stress exerted by the fluid on the wall, 
whereas the Nu indicates the rate of heat transfer across the wall. The findings are for the scenario when both horizontal lids of the square 
enclosure slide in opposite directions, yielding shear-driven flow in the cavity, with the lower lid moving along the bottom wall of the 
cavity in the +ve x-axis. Also investigate how various basic factors, like the nanoparticle volume fraction (0≤ φ⌢ 1,φ

⌢

2,φ
⌢

3 ≤ 0.20), which 
is the ratio of the volume of nanostructures to the total volume of nanofluid; the confined magnetic field in the form of strips 
(0.2≤ ξ≤ 0.3, 0.7≤ ξ≤ 0.8, and 0≤ η≤ 1) and (0.2≤ η≤ 0.3, 0.7≤ η≤ 0.8, and 0≤ ξ≤ 1), which somewhat is a region of the 
uniform magnetic field employed to a part of the cavity; the Reynolds number (dimensionless parameter that identifies the fluid flow 
regime); and the magnetic number (another dimensionless parameter that characterizes the strength of the magnetic field in the flow 
regime). These parameters are all dimensionless groups of material and flow properties, and/or geometric dimensions of the domain. The 
traditional way of studying the flow and thermal characteristics of fluid dynamics problems is to specify the values of these dimensionless 
groups rather than specifying the particular fluid properties and the domain dimensions. Obviously, the results obtained in this way are 
applicable to the flow problems with particular values of material properties and the dimensions of the domain, falling in the ranges 
considered in the studies. In the present work, we have computed our results for the following values of the governing parameters 
(1≤ Re≤ 35), and (0≤ Mn≤ 700). The flow field is further influenced by the localized magnetic field in four stripes; two horizontal and 
two verticals with a uniform width (1 unit), which split the cavity into nine sub-regions. It also explores how the Nu and the CfRe are 
influenced by the tri-hybrid (Ag, Al2O3, and TiO2) nature of the fluid. Pressure drop calculations are considered in the ducts (for example, 
exhaust air vents) where the pressure is higher on one side of the vent than it is on the other. For the present problem, there is no imposed 
pressure gradient on the flow. Therefore, such calculations do not apply to the problem under consideration. 

Our study aims to explore how two forces influence the fluid dynamics and thermal behavior of the problem. These forces are: (i) 
the inertial force caused by the lid moving on top of the enclosure, and (ii) the Lorentz force generated by a magnet outside the 
enclosure. Moreover, the low-density fluid that flows upward from heated walls due to the thermal buoyancy force is opposed by the 
high-density fluid that results from the strong magnetic force. We will examine how these forces interact and affect the fluid motion 
and heat transfer in the problem. 

5.1. The implications of the magnetic source 

The significance of magnetic field intensity, as described by the horizontal and vertical strips in the regions 
(0.2< ξ< 0.3, 0.7< ξ< 0.8, 0< η< 1 and 0.2< η< 0.3, 0.7< η< 0.8, 0< ξ< 1) on the fluids flow can be illustrated in Fig. 5 This 
study examines the effect of magnetic fields on the flow and temperature fields in a lid-driven cavity. The magnetic fields are applied in 
the form of vertical and horizontal strips inside the cavity. The rotation of vortices depends on the movement of the top and bottom lids 
of the enclosure that are driven by some external mechanical setup. In the case of no magnetic force, two vortices are almost symmetric 
about the line in the flow field. When the magnetic fields are introduced, they generate body forces that interact with the externally 
applied force and cause different effects on the flow and temperature fields. The intensity of the magnetic sources first elongates the 
existing vortex which eventually breaks down to create two new smaller and weaker vortices (in the lower and upper half of the cavity) 
rotating in clockwise or counter-clockwise directions. As the intensity increases, more vortices are formed in different parts of the 
cavity, spinning in different directions depending on the orientation of the net force acting on the fluid in that particular region. 

Fig. 6 illustrates the effect of the parameter (Mn) on the temperature distribution in the flow field. Without any magnetic force, 
most of the isotherms have a smooth and red-colored pattern, indicating a high temperature. The isotherms are also denser near the top 
and bottom walls of the cavity, due to the natural convection caused by the heated top lid and the cooled bottom lid. With the magnetic 

Fig. 4. Grid Independence Analysis for the Normal Velocity Distribution along the Line y = 0.5.  
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Fig. 5. Flow representation by streamlines (a–h) and stream surfaces (i–p) for Re = 5, Pr = 6.2, L = 0.00, Ec = 10− 5, φ⌢ 1 = 0.05, φ⌢ 2 = 0.02, φ⌢ 2 = 0.02 and 
different Mn. 

Fig. 6. Isotherms (a–d) and temperature fields (e–h) for the flow with different Re = 5, Pr = 6.2, L = 0.00, Ec = 10− 5, φ⌢ 1 = 0.05, φ⌢ 2 = 0.02,φ⌢ 2 = 0.02, and Mn.  
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force, however, the temperature distribution becomes more irregular and uneven. This is because the new vortices generated in the 
flow enhance the mixing of fluid bodies with different temperatures, which disturbs the thermal signature across the enclosure. 

5.2. Impact of the Reynolds number 

Fig. 7 shows how the flow pattern changes with the Reynolds number, which is a dimensionless parameter that measures the ratio 
of inertial forces to viscous forces in the fluid. For a given cavity size and fluid properties, a higher Reynolds number implies a higher 
velocity of the lids. Therefore, the Reynolds number can be used to characterize the lid speed. When the Reynolds number is low (Re =
1), the flow field consists of two symmetrical primary vortices that rotate in opposite directions along the top and bottom horizontal 
walls of the cavity. These vortices are driven by the shear stress induced by the moving lids. As the Reynolds number increases, the 
primary vortices become distorted and deformed due to the increased inertial forces. It is important to note that one of the terms in the 
governing equations is a product of the magnetic parameters and the Reynolds number. This means that a higher Reynolds number will 
also increase the effect of this term on the flow dynamics. Consequently, the Reynolds number and the magnetic parameter will have a 
similar influence on the flow pattern in some aspects. 

Fig. 8 depicts how the temperature distribution changes with the Re. As explained before, the lids move faster when Re increased, 
assuming that the fluid properties and the cavity size are constant. The higher lid velocity will induce stronger shear stress on the fluid 
layer near the walls, which will cause a stronger blending of fluid bodies with different temps. This will disrupt any smooth or uniform 
pattern of the isotherms and create more irregular and uneven temperature contours. 

Fig. 8. Isotherms (a–d) and temperature fields (e–h) for the flow with Mn = 5, Pr = 6.2, L = 0.00, Ec = 10− 5, φ⌢ 1 = 0.05, φ⌢ 2 = 0.02, φ⌢ 2 = 0.02 and different Re.  

Fig. 7. Flow representation by streamlines (a–d) and stream surfaces (e–h) for Mn = 5, Pr = 6.2, L = 0.00, Ec = 10− 5, φ⌢ 1 = 0.05, φ⌢ 2 = 0.02, φ⌢ 2 = 0.02 and 
different Re. 
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5.3. Impact of localization 

An obvious point to ponder may be the role of the width of the magnetic field in the present problem. To understand this, we consider 
the strips defined by: (0.2 − L< ξ< 0.3+L, 0.7 − L< ξ< 0.8+L,0< η< 1) and (0.2 − L< η< 0.3+L,0.7 − L< η< 0.8+L,0< ξ< 1),
within the flow field. It is obvious to note that the parameter L determines the width of the strips, obviously, L = 0.2, corresponds to the 
case when the magnetic field is occupying the whole cavity whereas L = 0.0 when the magnetic field is confined to the strips 
(0.2< ξ< 0.3, 0.7< ξ< 0.8, 0< η< 1 and 0.2< η< 0.3,0.7< η< 0.8, 0< ξ< 1). It is not seen much impact on the flow and tem
perature distributions when the magnetic field occupies the whole flow field. However, Fig. 9 depicts that the confinement of the 
magnetic field intensity gives rise to new vortices while eliminating the primary vortices. The isotherms, on the other hand, undergo a 
zig-zag behavior which is obviously due to the rigorous mixin of the fluid layers at different temperatures (see Fig. 10). 

5.4. Nusselt number and skin-friction dependence on different parameters 

In this subsection, we study the effects of the governing parameters magnetic number (Mn) and Reynolds number (Re) on the skin 
friction factor (CfRe) and Nusselt number (Nu). We plot the Nu and CfRe profiles in Figs. 11 and 12, respectively. It can be observed that 
the magnetic parameter (Mn) has a significant impact on Nu in the middle of the cavity. However, the localization of the magnetic field 
(L) has a negligible impact on the CfRe in the flow field. On the other hand, the Reynolds number (Re) leads to a substantial decrease in the 
Nusselt number (Nu) and it reaches its minimum value near the right bottom corner of the cavity for higher values of the Re. Regarding 

Fig. 10. Isotherms (a–d) and temperature fields (e–h) with different values of the magnetic strip length (L) for Mn = 150, Re = 5, Pr = 6.2, Ec = 10− 5, φ⌢ 1 = 0.05,
φ⌢ 2 = 0.02, φ⌢ 2 = 0.02. 

Fig. 9. Streamlines (a–d) and stream surfaces (e–h) with different values of the magnetic strip length (L) for Mn = 150, Re = 5, Pr = 6.2, Ec = 10− 5, φ⌢ 1 = 0.05, φ⌢ 2 =

0.02, φ⌢ 2 = 0.02. 
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the CfRe, we discover that both factors affect CfRe in a similar qualitative manner. The quantitative effect might vary slightly depending 
on the parameter values. Moreover, the nano nature of the fluid has a very marginal impact on skin friction (CfRe). As expected, φ1, φ2 
and φ3 has a notable impact on the Nu with a relatively minor effect on the CfRe. However, compared to φ2 and φ3 the Nusselt number is 
more sensitive to φ1 by inherent thermophysical characteristics of the nanomaterials. We also notice that the localization or confinement 
of the magnetic field does not always increase or decrease the Nusselt number (Nu) uniformly. Therefore, we conclude that there exists an 
optimal width of the magnetic corridor that maximizes the Nu, which could be a topic for future research. 

5.5. Effect of different parameters on physical quantities 

In this section, we examine the effects of skin friction (CfRe) and Nusselt number (Nu) with different parameters. Table 4 reveals 
that both the Nu and the CfRe increase when the magnetic field strength is higher. The Nu increases more dramatically, almost 
doubling its initial values, while the CfRe only rises by 46%. In contrast, Table 5 reveals that changing the Re has a notable effect on Nu 

Fig. 12. Dependence of Nu (a–f) on Various Factors for fixed Mn = 5, Re = 5, L = 0, Pr = 6.2, Ec = 10− 5, φ⌢ 1 = 0.05, φ⌢ 2 = 0.02, φ⌢ 2 = 0.02.  

Fig. 11. Dependence of CfRe (a–f) on Various Factors for fixed Mn = 5, Re = 5, L = 0, Pr = 6.2, Ec = 10− 5, φ⌢ 1 = 0.05, φ⌢ 2 = 0.02, φ⌢ 2 = 0.02.  
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but a minimal effect on the CfRe.. 
The results presented in Table 6, Table 7, and Table 8 indicate that the type of nanoparticles has a significant influence on the heat 

transfer rate of nanofluids. The Nu and the CfRe both increased with the addition of nanoparticles, but the magnitude of the increase 
varied for different types of nanoparticles. For silver(Ag), the highest increase in both the Nusselt number (55%) and the skin friction 
(110% almost double of Nu) was observed, implying a strong coupling between the thermal and fluid properties of the nanofluid. For 
Alumina Al2O3 and Titanium Dioxide (TiO2), the Nusselt number increased by 33% and 25%, respectively, while the skin friction 
increased by 13% and 9%, respectively, suggesting a weaker coupling or a trade-off between the two properties of the nanofluid. In 
short, Table 4, 6–8 indicate that employing a magnetic field with a tri-hybrid nanofluid is helpful for situations involving greater 
efficiency of heat transfer. This observation is in line with the conclusions drawn in an excellent series of works [9–11,14]. 

Considering that the parameter L represents one of the geometric dimensions of the rectangular domain where the magnetic field is 
confined, it can be inferred (from Table 9) that the expansion of the magnetic field over a larger region of the domain results in a 
negligible decrease in both the Nusselt number (3%) and the skin friction factor (0.1%). 

5.6. Comparison of thermal properties of the nanostructures 

From Fig. 13 two main findings can be drawn: first, the average Nu (when the Lorentz force is next to the vertical wall) has a nearly 
linear correlation with the nanoparticle volume fraction, which means that increasing the nanoparticle concentration increases the 
heat transfer rate; and second, the tri-hybrid nanofluid (Ag, Al2O3, and TiO2) increases the average Nusselt number more than the 
conventional fluid. 

5.7. The role of magnetic field intensity 

Fig. 14 illustrates how the parameter A1 and A2 affect the average Nusselt number. It is important to note that the parameters 
determine the intensity of the magnetic field. Further, the Nusselt number is noted to be more dependent on A1 and A2 at their smaller 

Table 7 
The Influence of Alumina Nanostructure on Nu and CfRe with fixed Re = 2; Mn = 5, L = 0, Pr = 6.2, Ec = 10− 5, φ⌢ 1 = 0.05, φ⌢ 2 = 0.02,φ⌢ 2 = 0.02.  

φ⌢ 2 (Alumina) |Nu| |CfRe|

0.00 0.7713 46.9429 
0.05 0.8177 46.9933 
0.10 0.8766 48.0578 
0.15 0.9479 50.0988 
0.20 1.0310 53.1759  

Table 4 
Influence of magnetic numbers on Nu and CfRe for Re = 10; Mn = 20, L = 0, Pr =6.2, Ec =10− 5, φ⌢ 1 = 0.05, φ⌢ 2 = 0.02,φ⌢ 2 = 0.02.  

Mn |Nu| |CfRe|

0 0.7641 46.7321 
100 0.9829 50.6678 
200 1.1326 53.9448 
300 1.2755 57.4249 
500 1.5268 66.0112  

Table 5 
Influence of Reynolds numbers on Nu and CfRe for Re = 10; Mn = 20, L = 0, Pr =6.2, Ec =10− 5, φ⌢ 1 = 0.05, φ⌢ 2 = 0.02,φ⌢ 2 = 0.02.  

Re |Nu| |CfRe|

1 0.6724 46.7360 
5 0.7883 46.8343 
10 1.1146 47.0443 
20 1.7171 47.9937 
30 2.0530 49.7855  

Table 6 
The Influence of Silver Nanostructure on Nu and CfRe with fixed Re = 2; Mn = 5, L = 0, Pr = 6.2, Ec = 10− 5, φ⌢ 1 = 0.05, φ⌢ 2 = 0.02,φ⌢ 2 = 0.02.  

φ⌢ 1 (Silver) |Nu| |CfRe|

0.00 0.7093 39.4366 
0.05 0.7883 46.8343 
0.10 0.8781 56.1175 
0.15 0.9809 67.9094 
0.20 1.1002 83.0918  
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Table 8 
The Influence of Titanium Dioxide Nanostructure on Nu and CfRe with fixed Re = 2; Mn = 5, L = 0, Pr = 6.2, Ec = 10− 5, φ⌢ 1 = 0.05, φ⌢ 2 = 0.02,φ⌢ 2 = 0.02.  

φ⌢ 3 (Titanium Dioxide) |Nu| |CfRe|

0.00 0.7762 47.1886 
0.05 0.8101 46.6722 
0.10 0.8551 47.2824 
0.15 0.9103 48.9204 
0.20 0.9744 51.6055  

Table 9 
The Influence of Localized Magnetic Field Strips on Nu and CfRe with fixed Re = 2; Mn = 5, L = 0, Pr = 6.2, Ec = 10− 5, φ⌢ 1 = 0.05, φ⌢ 2 = 0.02,φ⌢ 2 = 0.02.  

L |Nu| |CfRe|

00 0.7883 46.8343 
0.05 0.8240 47.0273 
0.10 0.8444 47.1465 
0.15 0.8289 47.0384 
0.20 0.7644 46.7544  

Fig. 13. Exploring the Distinctions between Double and Triple Nanofluid Mixtures with fixed Mn = 15, Re = 15, L = 0, Pr = 6.2, Ec = 10− 5, φ⌢ 1 = 0.05, φ⌢ 2 = 0.02,
φ⌢ 2 = 0.02. 

Fig. 14. Impact of the Parameter A1 and A2 on Average Nu with fixed Mn = 15, Re = 15, L = 0, Pr = 6.2, Ec = 10− 5, φ⌢ 1 = 0.05, φ⌢ 2 = 0.02, φ⌢ 2 = 0.02.  
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values, we monitored much difference in our numerical results at A1 = A2 = 50 and A1 = A2 = 100. That’s why, for the whole present 
study we have taken A1 = A2 = 50 unless otherwise stated. 

5.8. The role of magnetic field localization 

The magnetic strips can be defined as: (0.2 − L< ξ< 0.3+L,0.7 − L< ξ< 0.8+L,0< η< 1) and (0.2 − L< η< 0.3+L,0.7 − L< η 
< 0.8+L,0< ξ< 1). This indicates that the strips have a constant width size of 0.2 units when L = 0. The Nusselt number reduces first 
and then climbs as the value of L increases (i.e., the strip becomes wider). Likewise, when the values of φ⌢ 1, φ⌢ 2 and φ⌢ 3 are larger, the 
Nu is more sensitive to nanomaterial concentration (See Fig. 15). 

6. Concluding remarks 

We study the vortex generation and heat transfer enhancement of tri-hybrid nanofluids in a lid-driven cavity under the effect of 
localized magnetic fields. This is a novel and important research topic that is underexplored in the literature. We used the ADI 
technique which is efficient, accurate, and stable for complex problems with multiple nanoparticles and magnetic fields. We examined 
and explained the effects of parameters like Reynolds number, volume fraction, and magnetic field intensity. Based on the results of 
this study, the following main findings can be summarized:  

• Without a magnetic field, almost two identical vortices form symmetrically around the upper and lower lids of the enclosure. The 
magnetic sources stretch this vortex until it splits into two smaller and weaker vortices (in the lower and upper half of the cavity) 
that rotate clockwise or counterclockwise.  

• The flow experiences various forces from the magnetic fields of the vertical and horizontal strips, which interact with the external 
force and generate more vortices that rotate in different directions.  

• Without a magnetic force, the flow field has mostly red isotherms, indicating higher temperatures. The isotherms are also denser 
near the top and bottom walls. The magnetic force disrupts any linear temperature distribution in the cavity. The flow creates new 
vortices that blend fluids with varying temperatures, disrupting the thermal pattern in the enclosure.  

• The magnetic field covering the whole flow field does not affect the flow and temperature distributions much. But the localized 
magnetic field intensity creates new vortices and removes the primary vortices.  

• Skin Friction (CfRe) is affected by two parameters in the same qualitative way, but slightly different in quantity. The nano nature of 
the fluid has a minor effect on skin friction. The Nu depends more on φ⌢ 1 than on φ⌢ 2 and φ⌢ 3 because of the physical features of the 
nanoparticles. The localized magnetic field does not always change Nu consistently. There may be an optimal width of the magnetic 
corridor for the Nu.  

• The magnetic field strength has increased both the CfRe and the Nu by up to 46% and 100%, respectively. The Reynolds number 
affects the Nu significantly but not the CfRe.  

• The nanoparticles increased both Nu and CfRe, but differently for different types. Silver (Ag) had the highest increase in both (55% 
and 110%), showing a strong link between the nanofluid’s thermal and fluid properties. Alumina Al2O3 and Titanium Dioxide 
(TiO2) had lower increases in both (33% and 25% for Nu, 13% and 9% for CfRe), showing a weaker link between the nanofluid’s 
properties.  

• The average Nu is enhanced more by tri-hybrid nanofluid (Ag, Al2O3, and TiO2) than by simple nanofluid with Ag, Al2O3, or TiO2 
particles. 

Fig. 15. The Effect of Magnetic Strip Size on the Average Nu with fixed Mn = 15, Re = 15, L = 0, Pr = 6.2, Ec = 10− 5, φ⌢ 1 = 0.05, φ⌢ 2 = 0.02, φ⌢ 2 = 0.02.  
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• The Nu varies with the strip width (L), it decreases at first and then increases as the strip widened. It also responds more strongly to 
the nanoparticle concentration when φ⌢ 1, φ⌢ 2 and φ⌢ 3 are higher. 
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